Abstract-The next generation of radiation detectors in high precision Cosmology, Astronomy, and particle-astrophysics experiments will rely heavily on superconducting microwave resonators and kinetic inductance devices. Understanding the physics of energy loss in these devices, in particular at low temperatures and powers, is vital. We present a comprehensive analysis framework, using Markov Chain Monte Carlo methods, to characterize loss due to two-level system in concert with quasi-particle dynamics in thin-film Nb resonators in the GHz range.
superconducting critical temperature is T c ) and loss associated with quasiparticle interactions as described by the MattisBardeen (MB) formalism (T T c ) [5] - [8] . In this article we describe a multi-tiered analysis framework for characterizing various physical properties of superconducting microwave resonators, using Markov Chain Monte Carlo (MCMC) methods.
MCMC provides several advantages over standard curve fitting methods. For non-linear parametric models, the standard methods might lock onto local minima of the deviation quantity (χ 2 , least square etc.), and boundary conditions and constraints must be carefully chosen to find the true minimum. Furthermore, when the true minimum is found, perturbative approximations are done to estimate the parametric errors around the best-fit values and these may not be the true marginalized error, especially in a nonlinear system where degeneracies exist. To get the true marginalized parametric errors, the complete posterior probability density of all parameters must be used, which is given by the MCMC process.
II. EXPERIMENTAL SETUP
The resonators discussed here are microstrip devices made, with niobium (Nb) on silicon (Si) wafers, at Argonne National Laboratory. The Nb (300 nm film) ground plane is first deposited and then reactive ion etched for the CPW transmission line, and this process is compatible with the standard fabrication processes shared with South Pole Telescope device fabrication [10] . The dielectric layer is formed next by depositing SiO 2 (500 nm) and the final layer of Nb (300 nm) is then deposited. The top Nb layer is etched to form the microstrip resonators and the SiO 2 is removed from the edge of the die to allow wirebonding to the ground plane. A diagram of the resonator is shown in Fig. 1 .
The testing is done in an adiabatic demagnetizing refrigerator (ADR) cryostat. The microwave input lines in the cryostat have a pair of DC-blocks and 20 dB attenuators bridging the 4 K plate to the 0.5 K stage and the 0.5 K stage to the 50 mK stage of the ADR, respectively. The device output is connected via a superconducting coaxial cable to the CIT-CRYO-12A HEMT amplifier mounted on the 4 K stage. We also use a commercial computer controlled attenuator on the input line and a room temperature amplifier (∼28 dB) on the output line. The resonator and all electronics are matched 50Ω. We note that 5 dB systematic uncertainty exists in our cable loss estimate. Frequency sweeps are done with a vector network analyzer with an external rubidium clock. 
III. TRANSMISSION DATA ANALYSES

A. Modeling of S 21
We sweep in frequency (ν) to obtain the two-port transmission function S 21 (ν). The S 21 profile is characterized largely by the resonance frequency (f r ) and the narrowness of the resonance (Q r ). The effective capacitance and inductance of the system determines f r . The width has two contributions, loss from intrinsic (material) physics and loss via the coupling capacitor, modeled by quality factors Q i and Q c respectively. An asymmetry term δf is considered to account for any unintended complex factor in the Q r . This may arise from standing waves in the microwave circuitry and from small impedance mismatches. We define our S 21 model in eqn. 1, where x = (ν −f r )/f r ,f r = f r + δf , and the total quality factor is Q r = Q i Q c /(Q i + Q c ), following Ref. [9] ,
B. Fitting of S 21
In studying loss mechanisms as a function of operating temperature and power, inference errors in the quality factors and frequencies will affect our estimation of the parameters quantifying the loss mechanisms. In the S 21 model there are expected parametric degeneracies and thus we wish to account for the full covariance for every S 21 data fit by this model. Following eqn. 1, degeneracies exist between: f r and δf , given the frequency and asymmetry of the resonance, and Q i and Q c , given the measured narrrowness of the resonance.
We employ a Markov Chain Monte Carlo (MCMC) algorithm using the emcee package [11] , with a Gaussian likelihood function (i.e., probability density for the occurrence of measurements given a known parametric model). Our likelihood function assumes when the model fits the data perfectly, we have normally distributed residuals, and the noise (or residual) in the small bandwidth (∼10 MHz for a 6 GHz resonance) of our S 21 sweeps is white. The variance in the likelihood is computed from measuring off-resonance transmission for every sweep. Fig. 2 shows S 21 traces and their MCMC fits at varying temperatures and powers, of the first harmonic.
IV. FREQUENCY SHIFT ANALYSIS
Kinetic inductance of Nb changes with varying temperatures, as do the excited population of the TLS states. This leads to a shift in the resonant frequency, which is modeled by eqn. 2. The first term is the frequency at 0 K, which is modified by TLS effects (g TLS ) and quasi-particle dynamics given by MB formulae (g MB ), as a function of temperature and excitation power [5] , [8] , [12] .
In the TLS term, D(P ) sets the scale of the frequency shift at low temperatures and it is the product of the TLS losstangent (including power dependency) with a geometric factor, and canonically lim P →0 D(P ) = F δ (0) , F is the volumetric fraction of TLS in the dielectric, and δ (0) is the internal loss in the limit of low temperature and low power [12] , [13] . The MB contribution depends on the kinetic inductance fraction α, and the superconducting gap Δ 0 . These terms in full, using 
From S 21 sweeps with temperature we obtain f r (T ) (given input power) and fit this with eqn. 2, using an MCMC algorithm similar to the S 21 fitting. The f r (T ) fitting model contains the free parameters: f r (0K), D(P ), α, Δ 0 , as described in eqns. 2, 3.
For the MCMC likelihood, the variance is derived from multiple measurements of a resonance, at a given temperature and input power. For our Nb resonator with f r ≈ 6.28 GHz, we measure the fractional error in f r to be 10 −5 . An example of the MCMC fits and statistical realizations to the data from scans done at −100 dBm are shown in Fig. 3 . The TLS profile does not fit perfectly when we consider the full data set ranging from 100 mK to 2.7 K. However the same algorithm robustly fits to the TLS effect when restricted to data <500 mK, as shown in the inset of Fig. 3 . The full covariance between these parameters is shown in Fig. 4 . We note that the MCMC process captures the degeneracies that exist in α and E gap /2 or Δ 0 . The benefit of this process is that we obtain marginalized errors on all parameters of interest and since these errors sample the full distribution, they are more accurate than those from standard fitting routines. The medians of the posterior distributions are used as "best-fit" values here on. Discussion of parameters obtained here will be presented in Sec. V.
V. QUALITY FACTOR
The total quality factor has two main contributions: (1) the TLS loss in the dielectric, δ TLS (T, P ), which depends on both temperature (T ) and power (P ) at which we operate the resonator, and (2) the MB effect or energy lost to quasi-particles excitations at temperatures approaching T C , δ qp (T ), which is largely independent of power. Additionally, effective loss from coupling of the resonator to the feed-line, Q c , largely independent of temperature or power in our operating ranges is also present. Furthermore, loss due to eddy currents from local magnetic fields, radiation loss etc. may also be accounted for. The sum total of these additional losses are parametrized as the nuisance parameter δ Z . This final form is shown in eqn. 5 [13] . 
A. TLS Formalism
In the low temperature regime, TLS is the dominant loss. We will explore TLS measurements along with the MB onset. The TLS loss can be expressed via eqn. 6. For δ qp we use the functional form [13] with the α and Δ 0 derived via the fitting of f r (T ) discussed earlier. 7.511 ± 0.002 4.3 ± 0.2 7.0 ± 0.8 3.9 ± 0.8 2.0 ± 0.4
The critical power P crit (T ) is related to the critical field as P crit (T ) = 0.5 0 cnA eff E 2 crit (T ), where A eff is the effective area of the microwave device as seen near resonance, 0 is the vacuum permittivity, c is the speed of light, and n is the index of refraction for the dielectric. The critical electric field has been shown by Ref. [12] to scale as shown in eqn. 7.
In eqn. 7, qd 0 is the average TLS dipole moment, Γ 1 is the maximum TLS relaxation rate limited by single photon emission and Γ 2 = 1 2 Γ 1 + Γ φ where Γ φ comes from sources of dephasing. Following Ref. [12] , [13] , Γ 1 = Γ (0) coth(ξ), and Γ φ ∝ T m , where Γ (0) is the the maximum relaxation rate at T = 0, averaged over all phonon modes, and m is the power scale for temperature dependence of dephasing. The details of these rates are beyond the scope of this paper and may be found inRef. [ 
, A is a scale factor that is the product of the scale of critical power and B is the scale factor for the TLS dephasing rate.
The Q r values inferred from S 21 measurements, and the parametric fitting errors obtained via MCMC of the S 21 data, at various temperature and powers are fit with eqn. 8, as shown in Fig. 5 . We notice that within the measurement errors, the functional form fits well at all powers to the TLS structure at low temperatures, leading all the way to the "bottle-neck" at ∼ T c /10, which is matched by our previous estimation of α and Δ 0 .
VI. RESULTS AND CONCLUSIONS
In fitting f r (T ) we get Δ 0 = 0.945 ± 0.015 meV, which is close to previously measured values of 0.967 meV, Ref [14] .
We note that this inference is an approximation since the fitting from eqn. 3 works in the low temperature (T /T c 1) limit, and we fit to data ranging up to 2.7 K. The kinetic inductance fraction is ∼5%, which is comparable to measurements from Ref. [5, Table 3 .7], albeit the resonators in the reference are not Nb microstrip.
From the fitting of Q r (T, P ) we obtain δ Z ≈ 2 × 10 −4 , and the powers n = 1.12 ± 0.38 and m = 2.79 ± 0.14, which are in close agreement with values measured by Ref. [12] , [13] . We expect n ∼ 1 and to be geometry dependent. The parameter m is related to TLS decoherence, which is material dependent and is expected to be ∼2 from TLS theory, Ref. [12] . The final results are listed in Tab. I, which also shows the loss tangents obtained from the Q r and f r (T ) fits, labeled D Δ f and D Q i respectively.
In comparing D Δ f with D Q i , we see a systematic ratio of ≈ 1.7. This may be explained by noting that in f r (T ), eqn. 2, the loss-tangent is implicitly dependent on power. However in Q r (T, P ), eqn. 8, the power dependence is explicitly factored out. We can perform a consistency check using the best-fit values of B, m, n, assuming T ∼ 100 mK. For P/A ≈ 7 we recover the factor of 1.7 and this is within the expected ∼ 5 dB uncertainty of input power in our system, folding in the parametric uncertainties in this estimation.
Finally, in Tab. I the values of A, following eqn. 8, give the measure of critical power in mW. We thus infer P M C M C crit = 10 −11.08±1.83 mW ∼ 1 fW. Indeed this is close to our prediction from simple calculations using eqn. 7 presented earlier.
In conclusion, we have demonstrated an analysis framework using multi-tier MCMC fitting of resonator data. We are able to obtain consistent measurements of loss tangents at low temperatures as function of varying power. This setup will now enable rapid characterization of superconducting microwave devices.
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